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An evolutionary approach to coordination of
self-interested agents
Advances in
 mobile sensor platforms
 intelligent autonomous robots

“selfishness”: individuals maximize
their own payoffs, might leading to
a great cost to the group
Challenges
 local information vs. global team goal
 unknown, changing environment

Special issues on robotics
Science Magazine
October 2014 and November 2007
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An evolutionary approach to coordination of
self-interested agents
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An evolutionary approach to coordination of
self-interested agents
Key difference from the existing control of complex systems
 incentive-based mechanisms
 co-evolves with changing environment

Sociology: social dilemma in modern society

Biology: understanding cooperating
behavior in social animals
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An evolutionary approach to coordination of
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An evolutionary approach to coordination of
self-interested agents

Carry out the task repeatedly; adjust strategies over time
 each time the task is taken as a group game
 new insight into how cooperation emerges as an evolutionary outcome
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The paradox of cooperation

Natural selection is based on competition. How can it lead
to cooperation?
Cooperation is often costly for the individual, while benefits
are distributed over a collective

Cooperation (altruism) is an evolutionary puzzle!

Charles Darwin
(1809-1882)
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Mechanism for evolution of cooperation is a central topic
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M. A. Nowak,
Science,
V314,
1560-1563,
2006

•
•
•
•
•

Kin selection
Direct reciprocity (“tit-for-tat”)
Indirect reciprocity
rich theory – limited predictive power…
Network reciprocity
Group selection
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Free-rider problem: the prisoner’s dilemma
cooperate

defect

cooperate

b-c

-c

defect

b

0
bc0

Mutual cooperation more profitable than mutual defection
But: under all circumstances to defect is the dominant strategy
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Will players change strategies if the game is repeated ?
BBC 1986 documentary by Richard Dawkins, author of “The Selfish Gene”
(1976)

Tit for Tat: starts off by cooperating, then copies the opponent’s last move;
Win-stay lose-shift: repeats when rewarded and changes otherwise. 12

Revisit the prisoner’s dilemma
Cooperate
(C)

Defect
(D)

Cooperate
(C)

R

S

Defect
(D)

T

P

R: reward (good)
S: sucker’s payoff
(very bad)
T: temptation
(very good)
P: punishment (bad)
S<P<R<T

Define the player’s strategy to be her probabilities to cooperate in view of
the two players’ strategies in the last round:
If both cooperative (C,C)  p1; if (C,D) p2; if (D,C)  p3; if (D,D) p4.
Use p = [p1, p2, p3, p4]T and q = [q1, q2, q3, q4]T to denote the two players’
strategies.
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A player’s strategy is her probabilities to cooperate in view of the two
players’ strategies in the last round:
Player 1: (C,C)  p1; if (C,D) p2; if (D,C)  p3; if (D,D) p4.
Player 2: (C,C)  q1; if (C,D) q2; if (D,C)  q3; if (D,D) q4.
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A player’s strategy is her probabilities to cooperate in view of the two
players’ strategies in the last round:
Player 1: (C,C)  p1; if (C,D) p2; if (D,C)  p3; if (D,D) p4.
Player 2: (C,C)  q1; if (C,D) q2; if (D,C)  q3; if (D,D) q4.
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Once v is computed, then the first player’s expected payoff can be
computed by

Similarly, the second player’s expected payoff s2 can be computed.
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In fact, the two players’ expected payoffs s1 and s2 have to satisfy some
linear relationship, namely for some constants α, β and γ, it holds

Once v is computed, then the first player’s expected payoff can be
computed by

Similarly, the second player’s expected payoff s2 can be computed.
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In fact, the two players’ expected payoffs s1 and s2 are coupled. To see
this, for some constants α, β and γ, it holds

If player 1 chooses its strategy in order to make the second column equal
the fourth column, then the determinant becomes zero (this becomes the
so-called zero-determinant strategy), then s1 and s2 satisfy the linear
relationship:

In the special case setting α =0, one has
In fact, player 1 can unilaterally force the relationship
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Zero-determinant strategies and “theory of mind”
The presumption that others have a mind is termed a “theory of mind”.
“Iterated Prisoner’s Dilemma contains strategies that dominate any
evolutionary opponent”, W.H. Press, F.J. Dyson, PNAS 2012
If player 1 chooses its strategy in order to make the second column equal
the fourth column, then the determinant becomes zero (this becomes the
so-called zero-determinant strategy), then s1 and s2 satisfy the linear
relationship:

In the special case setting α=0, one has
In fact, player 1 can unilaterally force the relationship
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There is more to cooperation than the prisoner’s dilemma
The Snowdrift game:

cooperate

defect

cooperate

b  21 c

bc

defect

b

0

bc0
mixed-strategy Nash equilibrium: pˆ 
C

bc
b  21 c
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There is more to cooperation than the prisoner’s dilemma
The Stag hunt game:

cooperate

hunt alone

cooperate

B

0

hunt alone

b

b

Bb0
two pure-strategy Nash equilibria: coordination game
22

Evolutionary game theory: History and motivation
John Maynard Smith was interested
in why so many animals engage in
ritualized fighting (“The logic of
animal conflict”, Nature, 1973)

Evolutionary game theory refers to the study of large populations of
interacting agents, and how various behaviors and traits might evolve.
Differences from classical game theory
• Players = sub-populations, employing a common strategy
• Strategies = behaviors or traits encoded in genes
• Payoffs = fitness, which determines reproductive rates
Key concept: The fitness of an individual must be evaluated in the
context of the population in which it lives and interacts
23

Dynamical system description for evolutionary games
Matrix game (symmetric two-player normal form with finitely many strategies)
unit vectors in

Pure strategies:
Mixed strategies:
where

•

Payoff: Individuals interact in a two-player game

•

Let
be the payoff of
against ,
then the m-by-m payoff matrix A has entries

•

The payoff of p against q is

24

Dynamical system description for evolutionary games
Matrix game (symmetric two-player normal form with finitely many strategies)
Assumptions:
• Well-mixed large population (all-to-all network)
• Random pairwise interaction per unit time
• Payoff translate directly into fitness that determines reproductive rate
• Individuals use pure strategies
Key concept: The fitness of an individual must be evaluated in the
context of the population in which it lives and interacts
Let xi (t) denote the share of those individuals using strategy ei at
time t, and x = [x1, x2, …, xm] be the population vector. Then
•

The payoff of p against q is
Replicator dynamics:
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Tempting claims for evolutionary game dynamics

Replicator dynamics:
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Tempting claims for evolutionary game dynamics
Replicator dynamics:
Tempting claim: For the replicator dynamics of a matrix game, it holds that
(a) Any trajectory in the interior of
evolves to a Nash equilibrium
x* is a Nash equilibrium if for all x,

Appealing: Nash equilibria are for individuals as rational decision makers,
but replicator dynamics do not assume rationality of the individuals
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Tempting claims for evolutionary game dynamics
Replicator dynamics:
Tempting claim: For the replicator dynamics of a matrix game, it holds that
(a) Any trajectory in the interior of
evolves to a Nash equilibrium
x* is a Nash equilibrium if for all x,

Evolutionarily stable strategy (ESS): x* is ESS if for all other x, we have
(i) The Nash equilibrium condition:
(ii) The stability condition:
Further tempting statement:
(b) A converging trajectory in the interior evolves to an ESS equilibrium
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Generalized rock-scissors-paper game
Consider the three-strategy matrix game with the payoff matrix

Cyclic dominance: R beats S, S beats P and P beats R.
A unique Nash equilibrium: x*= (10/29, 8/29, 11/29)
Almost globally asymptotically stable
But not ESS since

The game with the payoff matrix –A reverses the trajectories. The interior
trajectories do not converge to a Nash equilibrium, but a heteroclinic cycle
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Theorem on ESS for replicator dynamics of a matrix game
(a) x* is an ESS iff

for all x near x*

(b) An ESS x* is a locally asymptotically stable equilibrium
(c) An interior ESS x* is an almost globally asymptotically stable equilibrium
(a) “locally superior”, check (Weibull 1995, Cressman 2010)
(b)(c) (Hofbauer et al, 1979)
is a strict local Lyapunov function.
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Remark on convergence for 4th- or higher-order replicator dynamics
Global analysis in general relies on the construction of Lyapunov
functions, which is in general difficult

Chaotic behavior can appear.
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Extension 1: Two-population replicator dynamics
•

•

Replicator dynamics for the matrix game with strategies

Two-population replicator dynamics

where
• We use

is the proportion of individuals in population
and

using

to denote the states of the two populations.

.

Extension 1 : Payoff matrices with environmental feedback
Individuals from population 1 interact with individuals from population 2,
and vise versa.
Dynamic payoff matrices

Dynamics of the environment
where
denotes the impact of population states on the environment,
which may enhance or reduce resources.
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Extension 1 : Specific payoff matrices
Consider the following asymmetric payoff matrices

with

.

Each matrix has an embedded symmetry to ensure that mutual cooperation
is a Nash equilibrium when r = 0 and mutual defection is a Nash equilibrium
when r = 1.

Then the dynamics become

with
and
is the
enhancement to degradation ratio in population k.

Extension 1 : Main result to prove
Theorem
The two-population co-evolutionary game dynamics
have infinitely many periodic orbits in the interior of
.
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Extension 1 : Reversible system
•

Reversible system
A dynamical system is said to be reversible if there is an involution G
in its phase space which reverses the direction of time, i.e. the
dynamics are invariant under a change in the sign of time.
• Periodic Orbits
An orbit (not a fixed point) is periodic and symmetric with respect to
G if and only if the orbit intersects
at precisely two points.
For system

, one can find

such that
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Extension 1 : Reversible system
Divide
into four
regions by the two planes

A typical trajectory
Consider an arbitrary trajectory starting from
point q;
it goes across the plane
and into
;
crosses plane
and enters ;
then crosses plane
again;
returns to the starting point and forms a periodic
orbit.
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Extension 2 : A discrete-time stochastic model
Switching probability

u A B 

1
1 e

   B  A 

•

Individuals’ bounded rationality
implies their limited cognition and
decision-making capabilities

•

Computations might be cognitively
expensive and thus unfavorable

•

False information, error, noise …

pi  t  1  pi  t  [1  U Ai  B  t ]  [1  pi  t ]U Bi  A  t 
where pi is agent i’s probability to employ strategy A at time t
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Extension 2 : A discrete-time stochastic model
Switching probability





U Ai  B  1  [1  u A B 1  p ]m
i

 i
m
U B  A  1  1  uB  A pi





At equilibrium,

pˆ i  Uˆ Ai  B  1  pˆ i  Uˆ Bi  A
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Extension 2 : results
Coexistence of strategies for regular graphs:

m
1  1  u A B 
1  1  uB  A 

; B persists if u A B 
m
m
m

A persists if u B  A
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Extension 2 : More sophisticated model
Strategy revisions:

A B B

A B A

Pi  t  1  Pi  t  1  U Ai  B  t    1  Pi  t   U Bi  A  t 
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Extension 3:ZD strategies in multi-player finitely repeated games
For an n-player repeated game, the strategy profile is
The vector of the outcome probabilities at round t is
In any given round the probability that the next round takes place is
determined by a discount factor
Then the expected number of the rounds of the repeated game is
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Extension 3:ZD strategies in multi-player finitely repeated games
Let the expected payoff of the ZD-player be denoted by
expected payoff of the remaining players be

, and the

Then the ZD-player can unilaterally enforce a linear payoff relation

In particular, one may have the following categories
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Extension 3:ZD strategies in multi-player finitely repeated games
Let the expected payoff of the ZD-player be denoted by
expected payoff of the remaining players be

, and the

Then the ZD-player can unilaterally enforce a linear payoff relation

In particular, one may have the following categories
ZD-strategy

Parameter values

Fair

s=1

Generous

0<s<1,

Extortionate

0<s<1,

Equalizer

Enforced relation

s=0

Note: one needs to check the conditions to see whether the relations are
45
enforceable
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Multi-population with environmental feedback
Stochastic models
ZD strategy in multi-player finitely repeated games
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